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1. INTRODUCTION
Let G be a semisimple Lie group (with finite centre and without compact
factors), and let 1 be a lattice of G (that is, a discrete subgroup of G such
that the homogeneous space 1"G carries a finite invariant measure). In
[5], M. Cowling and T. Steger proved that if ? is an irreducible unitary
representation of G which does not belong to the discrete series, then the
restriction ?|1 of ? to 1 remains irreducible. This is a remarkable extension
to unitary representations of the Borel’s Density Theorem, which states
that an irreducible finite dimensional representation of G remains
irreducible when restricted to 1 (see [14, Chap. V, Theorem 5.5]).
Our purpose in this paper is to study the same question when 1 is a lat-
tice in a nilpotent, connected, and simply connected real Lie group G. It is
known that the analogue of Borel’s Density Theorem is true in this situa-
tion: if (?, V) is a unipotent finite dimensional representation of G, then
every subspace of V which is invariant under 1 is invariant under G (see
[14, Chap. II, 2.1 Theorem]). This is no longer true for unitary representa-
tions. Our main result (Theorem 1.1, below) gives a necessary and
sufficient condition for the irreducibility of the restriction to 1 of an
irreducible unitary representation of G. Now, we proceed with a descrip-
tion of our results.
Let G be a nilpotent, connected, and simply connected real Lie group, g
its Lie algebra, and let G be the set (of equivalence classes) of irreducible
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unitary representations of G. By Kirillov’s theory (see [4, 8]), every
irreducible unitary representation ? of G is canonically associated to an
orbit O? in g* of the coadjoint action of G on g*. More precisely, there
exists a linear functional l # g* and a polarization m for l (i.e., a maximal
subordinate subalgebra for l ) such that ? is equivalent to IndGM /l , where
M=exp(m), /l (exp X)=e2?i(l, X) for all X # m, and IndGM /l is the represen-
tation induced of /l , from M to G. The class of ? depends only on the orbit
O?=Ad*(G) l, that is, ? is unitarily equivalent to IndGM$ /l $ , for any linear
functional l $ # Ad*(G) l and any polarization m$ for l $. We shall denote by
?l the representation IndGM /l .
Now, let 1 be a lattice of G. It is known that 1 is uniform, that is, 1"G
is compact (see [14, Chap. III, 3.1 Theorem]). A rational structure is then
induced on g, G and g* (for details, see below).
Let l # g*. The radical of l is the subalgebra of g defined by
rl=[X # g ; (l, [X, Y])=0, for all Y # g].
If l # g* is rational, then rl is rational and l admits a rational polarizing
subalgebra (see, e.g., [4, Proposition 5.2.6]).
Theorem 1.1. Let l # g*. Then the restriction ?l |1 of ?l to 1 is
irreducible if and only if the radical rl of l is not contained in a proper
rational ideal of g.
The proof of this result uses some facts due to C. C. Moore (see [11])
about the decomposition of L2(1"G) into irreducible representations.
Observe that the above condition on rl is independent from the choice of
the functional l in the Kirillov orbit of ?. The following result shows that
the condition is quite easy to verify. Concerning the notion of a Malcev
basis, see Section 2 below.
Proposition 1.1. Let p~ : g  g[g, g] be the canonical projection, and let
[X1 , ..., Xm , ..., Xn] be a strong Malcev basis of g, strongly based on 1, pass-
ing through [g, g] (dim[g, g] = m). A subalgebra h is not contained in a
proper rational ideal of g if and only if p~ (h) is not contained in a proper
rational subspace of g[g, g]. This is the case if and only if there exists
X=ni=1 xiXi # h such that [xm+1 , ..., xn] is Q-linearly independent.
One can show that the condition on rl in Theorem 1.1 (or Proposition
1.1) is equivalent to the ergodicity of the action (by right translations)
of Rl=exp(rl), the stabilizer of l in G, on the nilmanifold 1"G, or,
equivalently (by Moore’s duality theorem, see [16, Corollary 2.2.3]), to
the ergodicity of the action of 1 on the coadjoint orbit OG(l ).
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Now, suppose that ? and * are two irreducible unitary representations of
G such that ?|1 and *|1 are irreducible and unitarily equivalent. We show
that ? and * differ only by a character on G, which is trivial on 1.
Theorem 1.2. Let 1 be a lattice in G. Let ?, * # G be such that ?|1 and
*|1 are irreducible. Then ?|1 $*| 1 if and only if there exists a character /
of G such that ?$/* and /|1 #1.
If rl is contained in a proper rational ideal, then ?l is not irreducible, by
Theorem 1.1. We are then interested in (direct integral) decompositions of
?l into irreducibles. We do not have complete results in this respect. The
first step is to study the case where l # g* has a rational polarizing ideal m.
The following result gives an explicit decomposition of ?l | 1 into a direct
integral of monomial representations.
Theorem 1.3. Let l # g*. Assume that l has a polarization m of dimen-
sion m which is a rational ideal of g. Let [X1 , ..., Xm , ..., Xn] be a strong
Malcev basis of g, strongly based on 1 and passing through m and let
M=exp(m).
Then we have the decomposition
?l |1 $ |

[0, 1) n&m
Ind1M & 1 (/ ltm+1, ..., tn | M & 1) dtm+1 } } } dtn , (1)
where
ltm+1, ..., tn=Ad*(exp(&tm+1Xm+1) } } } Ad*(exp(&tnXn)) l
for all tm+1 , ..., tn # [0, 1).
Using an inductive procedure, this result and Theorem 1.1 allow one to
give a direct integral decomposition of ?l | 1 in the general case of arbitrary
rl . The representations appearing in this decomposition are not always
irreducible (this may already fail in the decomposition (1); see, however,
the next theorem). It is sometimes possible to refine this decomposition in
order to obtain a direct integral of irreducible representations of 1, but we
shall not discuss this point here.
Observe that if M is a rational normal subgroup of G then, as
C. C. Moore noticed in [11, p. 152], M and 1 are regularly related. There-
fore, Mackey’s Subgroup Theorem [10, Theorem 12.1] also gives a decom-
position of ?l |1 into a direct integral of unitary induced representations
of 1.
The following is a criterion for the irreducibility of almost all representa-
tions appearing in (1), in terms of an arithmetic condition on the coef-
ficients of l (in a suitable basis).
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Let l # g* be a linear functional admitting a polarization m of dimension
m which is a rational ideal of g and let M=exp(m). Let [X1 , ..., Xm , ..., Xn]
be a strong Malcev basis of g, strongly based on 1 and passing through m,
and let [X1* , ..., X n*] be the corresponding dual basis of g*. Let
l=ni=1 :iX i* and, for all tm+1 , ..., tn # [0, 1), let Ad*(exp(&tm+1Xm+1)
} } } exp(&tnXn)) l=nj=1 :j (tm+1 , ..., tn) X j*. Denote by 1i1 , ..., irn the
indices i such that the mapping
[0, 1)n&m  R (tm+1 , ..., tn) [ :i (tm+1 , ..., tn)
is non-zero.
Theorem 1.4. With the above notations, if the family [1, :i1 , ..., :ir] is linearly
independent over Q, then, in the decomposition (1), Ind1M & 1(/ltm+1, ..., tn |M & 1)
is irreducible for almost all (tm+1 , ..., tn) # [0, 1)n&m, with respect to the
Lebesgue measure.
This paper is organized as follows. In Section 2, we fix some notations
and recall some facts about rational structures on nilpotent Lie groups. We
give in Section 3 the proof of Theorem 1.3, in Section 4 the proof of
Theorem 1.1, in Section 5 the proofs of Theorem 1.2 and Proposition 1.1,
and in Section 6 the proof of Theorem 1.4. Examples are treated in Section 7.
2. NOTATIONS AND BASIC FACTS
Let G be a nilpotent, connected and simply connected real Lie group and
let g be its Lie algebra. We first fix some notations.
If dim g=n, and if g1 g2  } } } gk g are subalgebras of g with
dim gj=mj , then g has a basis [X1 , X2 , ..., Xn] such that
(i) hm=R&span[X1 , ..., Xm] is a subalgebra of g, for each
1mn;
(ii) hmj=g j , for 1 jk.
Moreover, if the gj are ideals of g, then one may choose the Xj so that
(i$) hm=R&span[X1 , ..., Xm] is an ideal of g, for each 1mn.
As in [4, Chap. 1], we call a basis satisfying (i) and (ii) a weak Malcev
basis for g passing through g1 , ..., gk , and one satisfying (i$) and (ii), a
strong Malcev basis for g passing through g1 , ..., gk . If k=0, then we simply
say that [X1 , ..., Xn] is a weak (or strong) Malcev basis for g.
We recall some well-known facts (see [4, 14]). We say that g (or G) has
a rational structure if there is a Lie algebra gQ over Q such that g$gQ R.
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It is clear that g has a rational structure if and only if g has an R-basis
[X1 , ..., Xn] with rational structure constants. In this case, gQ=Q&
span[X1 , ..., Xn] provides a rational structure such that g=gQ R,
dimQ(gQ)=dimR(g), and any Q-basis of gQ is an R-basis for g.
Let g have a fixed rational structure given by gQ and let h be an
R-subspace of g. Define hQ=h & gQ . We say that h is rational if
h=R&span(hQ), and that a connected, closed subgroup H of G is rational
if its Lie algebra h is rational. The elements of gQ (or GQ=exp(gQ)) are
called rational elements (or rational points) of g (or G).
A rational structure on g induces a rational structure on the dual space
g* (for further details, see [4, Chap. 5]).
Let 1 be a (cocompact) lattice in G. Then g (and G) has a rational
structure such that gQ=Q&span(log 1 ). Conversely, if g has a rational
structure for some Q-algebra gQ g, then G has a uniform subgroup 1
such that log 1gQ . A strong or weak Malcev basis [X1 , ..., Xn] for g is
said to be strongly based on 1 if 1=[exp m1X1 } ... } exp mnXn ; mj # Z,
1 jn]. Such a basis always exists (see [4, Theorem 5.1.6]).
If we give G the rational structure induced by 1 and if H is a Lie sub-
group of G, then H is rational if and only if 1 & H is a uniform lattice in
H. Moreover, if H1 H2  } } } Hk=G are rational Lie subgroups of G
and if h1 , ..., hk are the corresponding Lie subalgebras, then there exists a
weak Malcev basis [X1 , ..., Xn] for g strongly based on 1 and passing
through h1 , ..., hk . If the Hj are normal, this basis can be chosen to be a
strong Malcev basis (for all these facts, see [4, 14]).
3. PROOF OF THEOREM 1.3
Let l # g* be a linear functional admitting a polarization m of dimension
m which is a rational ideal of g. Let [X1 , ..., Xm , ..., Xn] be a strong Malcev
basis of g, strongly based on 1 and passing through m and let M=exp(m).
We want to show that we have the decomposition
?l |1 $ |

[0, 1) n&m
Ind1M & 1 (/ltm+1 , ..., tn | M & 1) dtm+1 } } } dtn ,
where
ltm+1, ..., tn :=Ad*(exp(&tm+1 Xm+1) } } } Ad*(exp(&tnXn)) l
for all tm+1 , ..., tn # [0, 1).
Proof of Theorem 1.3. We proceed by induction on the dimension of g.
If g is one-dimensional, there is nothing to prove. Assume the result is true
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for all nilpotent groups of dimension n and let g be of dimension n+1.
Let [X1 , ..., Xn+1] be a strong Malcev basis of g, strongly based on 1 and
passing through m. We may clearly assume that m{g. Let gn=
RX1+ } } } +RXn . By construction, mgn and, if ln=l |gn # gn*, then m is
also a polarization for ln . Also, ?l=IndGM /l $ Ind
G
Gn
( IndGnM /ln ), where
Gn=exp(gn). Let ?n=IndGnM /ln . We can realize the representation ? l in the
following way (see [8, Proof of Theorem 7.1]). Let H be the Hilbert space
H={ f : R  H(?n) measurable; |R &f (t)&2H (?n)<+= .
Then, for all g= gn } exp(aXn+1) # G (with gn # Gn and a # R), f # H and
t # R,
?l (g) f (t)=?n (exp(tXn+1) } gn } exp(&tXn+1))( f (t+a))
Now fix s # [0, 1) and define the following Hilbert space Hs of functions on
Z+s=[ p+s; p # Z] by
Hs={ f : Z+s  H(?n) ; :p # Z & f ( p+s)&
2
H(?n)
<+= .
Let *s be the representation of 1 on Hs defined by
*s (#) f ( p+s)
=?n (exp(( p+s) Xn+1) } #n } exp(&( p+s) Xn+1))( f ( p+q+s)),
for all #=#n } exp(qXn+1) # 1 (with #n # Gn & 1 and q # Z), f # Hs and
p # Z. Now, set
T : H  |

[0, 1)
Hs ds, f [ |

[0, 1)
f |Z+s ds,
where ds is the Lebesgue measure on [0, 1). Then T is a unitary operator,
which clearly intertwines ?|1 and  [0, 1) *s ds.
Define a unitary operator 8s : Hs  H0=l2(Z, H(?n)) by 8s ( f )( p)=
f ( p+s), for all f # Hs and p # Z, and set ?s (#)=8s b *s (#) b 8&1s , for # # 1.
Then, for all f # H0 , #=#n } exp(qXn+1) # 1 (with #n # Gn & 1 and q # Z),
we have
(?s (#) f )( p)=?sn (exp( pXn+1) } #n } exp(& pXn+1))( f ( p+q)),
where ?sn is the representation of Gn defined by
?sn(g$n)=?n(exp(sXn+1) } g$n } exp(&sXn+1)),
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for all g$n # Gn . It follows that the representation ?s of 1 on H0 is induced
by the restriction to Gn & 1 of the representation ?sn . Hence,
?l |1$|

[0, 1)
*s ds$|

[0, 1)
?s ds$|

[0, 1)
Ind1Gn & 1 (?
s
n |Gn & 1) ds
$Ind1Gn & 1 |

[0, 1)
?sn | Gn & 1 ds.
Now, the representation ?sn $Ind
Gn
M(/Ad*(exp(&sXn+1)) ln) is irreducible and
Gn & 1 is a lattice in Gn . By induction, ?sn |Gn & 1 is then unitarily equivalent
to
|

[0, 1) n&m
IndGn & 1M & 1 (/Ad*(exp(&tm+1Xm+1) } } } exp(&tnXn))(Ad*(exp(&sXn+1)) ln)| M & 1)
dtm+1 } } } dtn
where dtm+1 } } } dtn is the Lebesgue measure on [0,1)n&m. So,
?l |1$|

[0,1) n+1&m
Ind1M & 1 (/ltm+1, ..., tn , s |M & 1) dtm+1 } } } dtn ds,
where
ltm+1, ..., tn , s=Ad*(exp(&tm+1Xm+1) } } } exp(&tnXn) } exp(&sXn+1)) l.
This finishes the proof of the theorem. K
Corollary 3.1. Let l # g* and assume that there exists g # G such that
Ad(g) rl is contained in a proper rational subalgebra of g. Then ?l |1 is not
irreducible.
4. PROOF OF THEOREM 1.1
Let O1 and O2 be two coadjoint orbits in g*, and take f1 , f2 # g* such
that O1=OG ( f1) and O2=OG ( f2). According to the ChevalleyRosenlicht
theorem (see [4, Theorem 3.1.4]), there exist k, m0, X1 , ..., Xk , Y1 , ..., Ym
# g such that the mappings
9f1 : R
k  O1 , (x1 , ..., xk) [ Ad*(exp(x1X1) } } } exp(xk Xk)) f1
and
9f2 : R
m  O2 , ( y1 , ..., ym) [ Ad*(exp( y1Y1) } } } exp( ymYm)) f2
are diffeomorphisms. Let
9f1 , f2 : R
k_Rm  g*
(x1 , ..., xk , y1 , ..., ym) [ Ad*(exp(x1X1) } } } exp(xkXk)) f1
+Ad*(exp( y1Y1) } } } exp( ymYm)) f2 .
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9f1, f2 is a polynomial mapping from R
k_Rm into g* such that Im(9f1, f2)
= O1+O2 . Let &1 (resp. &2) be the image of the Lebesgue measure *k (resp.
*m) on Rk (resp. Rm) under the mapping 9f1 (resp. 9f2). Then &1 and &2 are
two G-invariant measures on O1 and O2 respectively. Let d1 and d2 be con-
tinuous positive functions on O1 and O2 such that O1 d1 d&1=O2 d2d&2=1.
Then +1=d1 } &1 , +2=d2 } &2 are quasi-invariant probability measures on
g* which are equivalent to &1 , &2 . The convolution product +1 C +2 of +1
and +2 is equivalent to the measure + on g* defined by
+(B)=(d1 } d2)(*k *m)(9 &1f1, f2(B)),
for all Borel sets B in g*.
Lemma 4.1. Let O1 , O2 and +1 , +2 be as above. If O is a coadjoint orbit
in g* such that (+1 C +2)(O){0, then O=O1+O2 .
Proof. The ChevalleyRosenlicht theorem mentioned above shows that
O is an affine algebraic variety, that is, there exist j1 and polynomials
P1 , ..., Pj # R[X1 , ..., Xn] such that O=[z # Rn; P1(z)= } } } =Pj (z)=0].
If x=(x1 , ..., xk) # Rk and y=( y1 , ..., ym) # Rm, then
9 &1f1, f2(O)=[(x, y) # R
k_Rm; 9f1, f2(x, y) # O]
=[(x, y) # Rk_Rm; P1(9f1, f2(x, y))=0] & } } }
} } } & [(x, y) # Rk_Rm; Pj (9f1, f2(x, y))=0].
Assume that there exists i # [1, ..., j] such that P i is not identically zero on
the image of 9f1, f2 . Then, Pi b 9f1, f2 is a non-zero polynomial on R
k_Rm.
Hence, as it is well known (see, e.g., [1, Lemma 2.3] for a proof), its zero
set Z(Pi b 9f1, f2)=[(x, y) # R
k_Rm; Pi (9f1, f2(x, y))=0] is a set of mea-
sure zero for the Lebesgue measure in Rk_Rm. Since 9&1f1, f2 (O)Z(Pi b 9f1, f2),
this implies that O has measure zero with respect to +1 C +2 . Thus, for all
i # [1, ..., j], the polynomials Pi are identically zero on the image of 9f1, f2 ,
that is, O1+O2 O. The opposite inclusion is obvious, as O1+O2 is
G-invariant, and the lemma is proved. K
Lemma 4.2. Let O, O1, and O2 be three coadjoint orbits in g* such that
O=O1+O2 . Then, for all f =f1+ f2 # O (with f1 # O1 and f2 # O2), we have
rf rf1 & rf2 .
Proof. Since O=O1+O2 , O1+O2 is a closed submanifold of g*. Let
f # O, f1 # O1 and f2 # O2 be such that f =f1+ f2 . The mapping
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 : G_G  g*, (g, h) [ Ad*(g) f1+Ad*(h) f2 is differentiable, with dif-
ferential at (e, e)
d(e, e) : g*_g*  Tf1+ f2(O1+O2), (X, Y) [ ad*(X) f1+ad*(Y) f2 ,
where (ad*(X) !, Y) =(!, [Y, X]) , for all ! # g*, X, Y # g. Hence, we
have
[ad*(X) f1+ad*(Y) f2 ; X, Y # g]Tf1+ f2 (O1+O2)=Tf (O)
that is,
[ad*(X) f1+ad*(Y) f2 ; X, Y # g][ad*(Z) f; Z # g].
Hence, for X # g, there exists ZX # g such that ad*(X) f1=ad*(ZX) f. So,
for all U # g, we have ( f1 , [U, X]) =( f, [U, ZX]) , and rf is therefore
contained in rf1 . Similarly, rf rf2 , and the proof is complete. K
Lemma 4.3. Let l # g*, and assume that there exists g # G such that
Ad*(g) l&l is zero on [g, g]. Let X=log(g). Then, ad*(X) l=0 on [g, g],
and so Ad*(g) l&l=ad*(X) l.
Proof. Let l1 be the restriction of l to [g, g]. Choose a complement
of [g, g] in g. If we extend l1 trivially to g, then we have Ad*(g) l1=l1 .
Now, consider the map F : R  g*, t [ Ad*(exp(tX)) l1&l1 . F is polyno-
mial, and F(n)=0, for all non-negative integers n. Hence, F is identically
zero. This implies that ad*(X) l1=limt  0 1t [Ad*(exp(tX) l1&l1]=0, and
ad*(X) l=0 on [g, g]. K
Now, let l # g* be such that its radical r l is not contained in a proper
rational ideal of g. We notice that this is equivalent to the fact that none
of the conjugates Ad(g) rl (with g # G) of rl is contained in a proper
rational subalgebra of g. In order to show that the restriction of the corre-
sponding representation ?l of G to 1 is irreducible, we shall use the follow-
ing general criterion, due to M. Cowling and T. Steger [5, Corollaries 1.2
and 1.3]
Proposition 4.1. [5]. Let G be a separable locally compact group, and
let 1 be a lattice in G. Denote by * the quasi-regular representation of G on
L2(1"G), and by *0 its restriction to the orthogonal complement of C1 in
L2(1"G). Let ?, * # G .
(1) If *0 ? does not contain ?, then ?|1 is irreducible.
(2) Assume that ?| 1 and *|1 are irreducible. Then ?| 1 and *|1 are
unitarily equivalent only if * is a sub-representation of *? and ? is a
sub-representation of **.
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Proof of Theorem 1.1. It was shown by C. C. Moore (see [11]) that the
quasi-regular representation * of G on L2(1"G) decomposes into a direct
sum of irreducible representations ? for which the corresponding orbit O?
intersects g*Q . (For the precise computation of the multiplicity m(?) of
those representations, see, e.g., [3, 7, 15].) So, assume that ?l *0 ?l .
There exists f # g*&[0] (which we may assume to be in g*Q ) such that ?l
is a sub-representation of ?f ?l . By [8, Theorem 6.1; 6, 1.4, Corollary],
this is the case (if and) only if the measure of the orbit OG(l ) is non-zero
in OG( f )+OG(l ). Hence, by Lemma 4.1, OG(l )=OG( f )+OG(l ). Let g # G be
such that Ad*(g) l= f+l. By Lemma 4.2, Ad(g) r l rf . But rf is rational,
as f is rational. So, by hypothesis, we have rf=g, that is, ( f, [g, g])=0.
Then, by Lemma 4.3, f is identically zero on rl . Ker( f ) being a rational
ideal of g, this implies that Ker( f )=g, which contradicts our hypothesis
on f. Hence, ?l is not contained in *0 ?l and the restriction of the
representation ?l to 1 is irreducible, by the above proposition. K
5. PROOFS OF PROPOSITION 1.1 AND THEOREM 1.2
Let p : G  G[G, G] and p~ : g  g[g, g] be the canonical projections.
Since [G, G] is rational, p(1) is a cocompact subgroup of p(G) (see, e.g.,
[4, Lemma 5.1.4]) and so induces a rational structure on p~ (g) and p(G).
Lemma 5.1. Let p and p~ be defined as before, and let h be a subalgebra
of g. Then h is contained in a proper rational subalgebra of g ( for the
rational structure induced by 1 ) if and only if p~ (h) is contained in a proper
rational vector subspace of p~ (g) ( for the rational structure induced by p(1 )).
Proof. Assume that h is contained in a proper rational subalgebra of g.
Then there exists a rational ideal g0 of codimension 1 in g containing h. It
is clear that [g, g]g0 . Since there exists a strong Malcev basis
[X1 , ..., Xm , ..., Xn&1 , Xn] of g, strongly based on 1 and passing through
[g, g] and g0 , p~ (g0) is a proper rational vector subspace of p~ (g) containing
p~ (h). The converse is obvious. K
Lemma 5.2. Let n1 and let V be a vector subspace of Rn. Let
[X1 , ..., Xn] be any R-basis of Rn, which is also a Q-basis of Qn. Then V is
not contained in a proper rational vector subspace of Rn if and only if, for
some (in fact, for almost every) X=ni=1 x iXi # V, the system [x1 , ..., xn]
is Q-linearly independent.
Proof. Assume that V is not contained in a proper rational vector sub-
space of Rn. For f # (Qn)*&[0], set Vf=V & Ker( f ). By our assumption
523RESTRICTION OF REPRESENTATIONS
on V, we have Vf / V. Thus, Vf is of Lebesgue measure zero in V, and so
is 0=f # (Qn)*&[0] Vf . Hence,
V&0={X= :
n
i=1
xiXi ; [x1 , ..., xn] is Q  linearly independent=
is not empty. The converse is clear. K
Proposition 1.1 now follows from Lemmas 5.1 and 5.2.
Proof of Theorem 1.2. Let ?, * # G be such that ?|1 and *|1 are irreduc-
ible and unitarily equivalent, let f, l # g* be such that ?l $? and ?f $*, and
let (log(1 ))==[ f # g*; ( f, log(1 ))Z]. By the above Proposition 4.1,
we have ?l *?f .
Assume first that 1 is a lattice subgroup (that is, log(1) is an additive
subgroup of g). In [11, Theorem 1], it is shown that ? # G occurs in
the decomposition of the quasi-regular representation * on L2(1"G) if
and only if the Kirillov orbit of ? meets (log(1 ))=. Hence, there exists
’ # (log 1 )= such that ?l ?’ ?f . By [8, Theorem 6.1] (or [6, 1.4,
Corollary]) and Lemma 4.1, there exists g, h # G such that
Ad*(g) l&Ad*(h) f =’ # (log(1 ))=. Hence, by Lemma 4.2, Ad(g) rl is
contained in the rational subalgebra r’ . On the other hand, ? l |1 is
irreducible. So Ad(g) rl is not contained in any proper rational subalgebra
(Theorem 1.1). Hence, r’=g. Thus, ?’ is a character of G (which is trivial
on 1 ), and ?l is equivalent to ?’ ?f .
Now, let 1 be an arbitrary lattice in G. Then 1 contains a lattice sub-
group 10 (of G) of finite index, which determine the same rational structure
in g (by [4, Theorems 5.4.2 and 5.1.12]). Thus, ?l |10 and ?f |10 are still
irreducible and unitarily equivalent. So, there exists ’ # (log(10))= such
that r’=g and ?l $/’ ?f . Let T, T1 be two intertwining operators such
that ?f (#)=T?l (#) T&1 and /’ (g) ?f (g)=T1?l (g) T &11 , for all # # 1 and
all g # G. Then, for all #0 # 10 , we have T &11 T?l (#0) T
&1T1=?l (#0). Since
?l |10 is irreducible, T is then a multiple of T1 , by Schur’s lemma. Thus, for
all # # 1, /’ (#) ?f (#)=?f (#), that is, /’ #1 on 1. The converse is clear. K
6. PROOF OF THEOREM 1.4
If 1 is a discrete group, and H a subgroup of 1, let Q1H be the quasinor-
malizer (or commensurator) of H in 1. It is the subgroup of 1 (see [2,
Theorem 1]) defined by
Q1H=[# # 1; #
&1H# & H has finite index in H and #&1H#].
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Now, let / be a character of H, and let Ind1H / be the induced representa-
tion of /, from H to 1. We shall use the following well-known criterion,
due to G. W. Mackey, of irreducibility of induced representations (see [9,
Theorem 6$]).
Lemma 6.1. [9]. Ind1H / is irreducible if and only if, for all # # Q
1
H&H,
there exists h # #&1H# & H such that /(#h#&1){/(h).
Notice that if H is a normal subgroup of 1, then the stabilizer St1H (/) of
/ in 1 defined by
St1H (/)=[# # 1; /(#h#
&1)=/(h), for all h # H]
is a subgroup of 1. In this case, Mackey’s criterion says then that Ind1H /
is irreducible if and only if St1H (/)=H.
Definition 6.2. Let [X1*, X 2*, ..., X n*] be a basis of g* and let l=
ni=1 :iX i* # g*. Let Jl=[ j # [1, ..., n]; :j {0]. We say that l is strongly
irrational with respect to [X1*, X 2*, ..., Xn*] if the system [1, :j ; j # Jl] is
Q-linearly independent.
Proposition 6.1. Assume that l # g* has a rational polarizing ideal m,
and let [X1 , ..., Xn] be a strong Malcev basis of g strongly based on 1 and
passing through m. If l is strongly irrational with respect to the dual basis
[X1* , ..., X n*], then St1M & 1 (/l)=M & 1 and Ind
1
M & 1 / l is irreducible.
Proof. Let l=ni=1:iX i* be such that [1, :i ; i # Jl] is a Q-linearly inde-
pendent system. It is sufficient to show that St1M & 1 (/l)M & 1. So, let
# # St1M & 1 (/l). We have (Ad*(#
&1) l&l, log(!)) # Z, for all ! # M & 1. But,
on the one hand,
(Ad*(#&1) l&l, log(!))= :
n
i=1
;i (#, !) :i
where the ;i ’s have values in Q (this is due to the rationality of the struc-
ture constants and of the components of log(#) and log(!) in the basis
[X1 , ..., Xn]). Since l is strongly irrational, we deduce that ;i (#, !)=0, for
all i # Jl and then
(Ad*(#&1) l&l, log(!)) =0, for all ! # M & 1.
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On the other hand, (Ad*(#&1) l&l, log(!)) is also a polynomial function
of !. m being rational, M & 1 is a lattice in M, and so, M & 1 is Zariski-
dense in M (see, e.g., [14, Theorem 2.3]). Hence,
(Ad*(#&1) l&l, log(!)) =0, for all ! # M.
So, Ad*(#&1) l&l # M =. As IndGM / l is irreducible, # is in M (see [13,
p. 157, Theorem 2]). The irreducibility of Ind1M & 1 / l now follows from
Lemma 5.1. K
Proof of Theorem 1.4. Assume l # g* has a polarization m which is a
rational ideal of g, and let [X1 , ..., Xn] be a strong Malcev basis of g
strongly based on 1 and passing through m. Let [X1* , ..., X n*] be the dual
basis of g*. Write l=ni=1:i X i* with :i # R for all 1in. Now fix
(tm+1 , ..., tn) # [0, 1)n&m. Then
ltm+1, ..., tn :=Ad*(exp(&tm+1 Xm+1) } } } exp(&tnXn)) l
= :
n
j=1
:j (tm+1 , ..., tn) X j*
with polynomials (tm+1 , ..., tn) [ :j (tm+1 , ..., tn). Let Kl be the set of
indices i such that :i is a non zero polynomial, and set N=Card(Kl)+1.
Assume that [1; :j , j # Kl] is Q-linearly independent. Let R be the set of all
(tm+1 , ..., tn) # [0, 1)n&m for which ltm+1, ..., tn is not strongly irrational with
respect to the basis [X1* , ..., Xn*]. By the above proposition, we have to
show that R is contained in a set of measure zero. For every
(tm+1 , ..., tn) # R, there exists q=(q0 , (q i) i # Kl) # Q
N&[(0, ..., 0)] such that
q0+ :
j # Kl
q j:j (tm+1 , ..., tn)=0.
Since (tm+1 , ..., tn) [ :j (tm+1 , ..., tn) are polynomials, we see that
R .
q # QN&[(0, ..., 0)]
Z(Qq)
for some polynomials Qq , where Z(Qq) denotes the zero set of Qq . By
assumption, the set [1, :j ; j # Kl] is Q-linearly independent. Hence, for all
q # QN&[(0, ..., 0)], the polynomial Qq is not identically zero, and Z(Qq)
is of measure zero for the Lebesgue measure on [0, 1)n&m. K
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7. EXAMPLES
Example 1. Let g=RX1+RX2+RX3 be the Heisenberg algebra,
defined by the commutator bracket [X3 , X2]=X1 . Let [X 1* , X2* , X3*] be
the associated dual basis of g. The corresponding Lie group G=R3 is
endowed with the product (x1 , x2 , x3).( y1 , y2 , y3)=(x1+ y1+x3y2 , x2+
y2 , x3+ y3), for all (x1 , x2 , x3), ( y1 , y2 , y3) # G. Let 1 be the subgroup
(Z, Z, Z)=[( p1 , p2 , p3); p1 , p2 , p3 # Z] of G. Then 1 is obviously a lattice
in G and [X1 , X2 , X3] is clearly a strong Malcev basis of g, strongly based
on 1.
Now, let ? be an irreducible unitary representation of G. If ? is not one-
dimensional, there exists : # R*&[0] such that ?$IndGM /l , where
l=:X1* # g*, and m=RX1+RX2 is a polarization in l which is a rational
ideal of g. Furthermore, [X1 , X2 , X3] passes through m. Thus, with
M=exp(m), we have
?|1 $? l, M |1 $|

[0, 1)
Ind1M & 1 (/:X*1+:tX *2 |M & 1) dt. (2)
Denote by lt the linear functional defined by lt=:X 1*+t:X2* , for t # [0, 1).
Then
(Z, Z, 0) if :  Q
St1M & 1 (/lt)={(Z, Z, qZ) if :=pq # Q*.
Hence, in the case where :  Q, the decomposition (2) is a decomposition
into irreducible components.
Example 2. Let g=g5, 4=RX1+ } } } +RX5 (see [12]) be the nilpotent
Lie algebra of dimension 5 with the non-trivial brackets:
[X5 , X4]=2X3 , [X5 , X3]=2X2 , [X4 , X3]=X1 .
Let [X1*, ..., X5*] be the corresponding dual basis of g* and G5, 4 be the
corresponding connected and simply connected real nilpotent Lie group,
identified with R5 by means of the map (x1 , ..., x5) [ exp(x1X1) } } }
exp(x5X5). If we denote by 1 the subgroup [( p1 , ..., p5); p1 , ..., p5 # Z] of
G5, 4 , then 1 is a discrete, cocompact, and [X1 , ..., X5] is a strong Malcev
basis of g strongly based on 1. Now, let
l=:1X*1+:2X2* # g*
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with Q-linearly independent real numbers :1 , :2 . Then
rl=RX1+RX2+R(&2:2 X4+:1X5).
By Proposition 1.1, rl is not contained in a proper rational ideal of g. So,
?l |1 is irreducible, by Theorem 1.1.
Now, if f =n4X4*+n5X 5* # g* with n4 , n5 # Z&[0] then it is easy to see
that f +l  OG(l ), that is, ?f +l $3 ? l , whereas ?f +l |1 $?l |1 .
REFERENCES
1. D. Arnal and J. Ludwig, Q.U.P. and PaleyWiener properties of unimodular, especially
nilpotent, Lie groups, Proc. Amer. Math. Soc. 125 (1997), 10711080.
2. L. Corwin, Induced representations of discrete groups, Proc. Amer. Math. Soc. 47 (1975),
279287.
3. L. Corwin and F. P. Greenleaf, Character formulas and spectra of compact nilmanifolds,
J. Funct. Anal. 21 (1976), 123154.
4. L. Corwin and F. P. Greenleaf, ‘‘Representations of Nilpotent Lie Groups and Their
Applications. Part I, Basic Theory and Examples,’’ Cambridge Univ. Press, Cambridge,
UK, 1990.
5. M. Cowling and T. Steger, The irreducibility of restrictions of unitary representations to
lattices, J. Reine Angew. Math. 420 (1991), 8598.
6. R. Felix, U ber Integralzerlegungen von Darstellungen nilpotenter Liegruppen, Manu-
scripta Math. 27 (1979), 279290.
7. R. E. Howe, On representations of discrete, finitely generated, torsion-free, nilpotent
groups, Pacific. J. Math. 73 (1977), 281305.
8. A. A. Kirillov, Unitary representations of nilpotent Lie groups, Russian. Math. Surveys 17
(1962), 53104; Uspekhi Mat. Nauk 17 (1962), 57110.
9. G. W. Mackey, On induced representations of groups, Amer. J. Math. 73 (1951), 576592.
10. G. W. Mackey, Induced representations of locally compact groups, I, Ann. Math. 55
(1952), 101139.
11. C. C. Moore, Decomposition of unitary representations defined by discrete subgroups of
nilpotent groups, Ann. Math. 82 (1965), 146182.
12. O. A. Nielsen, Unitary representations and coadjoint orbits of low-dimensional nilpotent
Lie groups, in ‘‘Queen’s Papers in Pure and Applied Mathematics,’’ Vol. 63, Queen’s
Univ., Kingston, ON, 1983.
13. L. Pukanszky, ‘‘Lec ons sur les repre sentations des groupes,’’ Dunod, Paris, 1967.
14. M. S. Raghunathan, ‘‘Discrete Subgroups of Lie Groups,’’ Springer-Verlag, New York
Berlin, 1972.
15. L. F. Richardson, Decomposition of the L2-space of a general compact nilmanifold, Amer.
J. Math. 93 (1971), 173190.
16. R. Zimmer, ‘‘Ergodic Theory and Semi-simple Groups,’’ Birkha user, Basel, 1984.
528 BEKKA AND DRIUTTI
